Published by Institute of Physics Publishing for SISSA/ISAS Received: September 23, 2004 Revised: October 27, 2004 Accepted: November 5, 2004

Recovery of full N = 1 supersymmetry in non(anti-)commutative superspace

Akifumi Sako

Department of Mathematics, Faculty of Science and Technology, Keio University 3-14-1 Hiyoshi, Kohoku-ku, Yokohama 223-8522, Japan E-mail: sako@math.keio.ac.jp

Toshiya Suzuki

Department of Physics, Faculty of Science, Ochanomizu University and Institute of Humanities and Sciences, Ochanomizu University 2-1-1 Otsuka, Bunkyo-ku, Tokyo 112-8610, Japan E-mail: tsuzuki@phys.ocha.ac.jp

Abstract: We investigate SUSY of Wess-Zumino models in non(anti-)commutative euclidean superspaces. Non(anti-)commutative deformations break 1/2 SUSY, then non(anti- )commutative Wess-Zumino models do not have full SUSY in general. However, we can recover full SUSY at specific coupling constants satisfying some relations. We give a general way to construct full SUSY non(anti-)commutative Wess-Zumino models. For a some example, we investigate quantum corrections and β-functions behavior.

Keywords: Renormalization Group, Supersymmetry Breaking, Superspaces, Non-Commutative Geometry.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep112004010 /jhep112004010 .pdf

Contents

1. Introduction 1

2. Conventions 2

3. Full SUSY in non(anti-)commutative field theory 3

4. 1-loop Calculations 7

5. Discussions 10

6. Conclusions 15

1. Introduction

Non(anti-)commutative superspaces have attracted much interest [1]–[60]. One of significant features of non(anti-)commutative field theories is 1/2 SUSY. Non(anti-)commutative theories do not have full SUSY, but one half of SUSY is preserved in many cases. Non(anti- )commutative theories are constructed by several deformations of usual (anti-)commutative SUSY theories. We will treat 2 types of the deformations given by SUSY ∗ product and non-SUSY ⋆ product. (These definitions will be given in the next section.) The SUSY ∗ product does not break the SUSY algebra, but SUSY ∗ products of chiral superfields are not chiral usually, then 1/2 SUSY is broken (see, for example, [10]). On the other hand, non-SUSY ⋆ products of chiral superfields are chiral superfields, but the SUSY algebra itself is broken as we saw in [9] and so on.

In this article, we will show that tuning of coupling constants regains full SUSY for not only SUSY ∗ deformation cases but also non-SUSY ⋆ deformation cases where the normal SUSY algebra is broken. In non(anti-)commutative theories, all lagrangians, algebras and transformation laws should be defined by using ∗ (or ⋆ etc.) products. Since the ∗ (or ⋆ etc.) product often breaks SUSY, it is non-trivial question to ask that one can define the SUSY algebra in non(anti-)commutative superspaces or there exist non(anti-)commutative full SUSY lagrangians. At first we will propose a general method to construct the full SUSY Wess-Zumino models in non(anti-)commutative superspaces. Using this procedure, we will understand that full SUSY recovers at specific values of the coupling constants. After that we will observe the quantum effect around the supersymmetry recovering points. The quantum corrections will be calculated and β-functions will be determined at one-loop order. In some phases, full SUSY is stable in the IR limit.

– 1 –

2. Conventions

We study the Wess-Zumino models on 4-dim euclidean superspace and use the convention of [62]. Non(anti-)deformation is given by several ways. For example, in [10], we can see the systematic explanation of the deformations. So we use the notation of [10].

The left covariant derivative is identical to the ordinary supersymmetric covariant derivative, −→DΦ := DΦ . (2.1)

On the other hand, the right covariant derivative is defined through the following relation.

Φ←−D := (−1)^{pD (pΦ+1)}−→DΦ , (2.2)

where p_A is parity of A i.e. p_A = 0 for bosonic A and p_B = 1 for fermionic B. With this setting, for some superfields Φ and Ψ the SUSY ∗ product is defined by

Φ ∗ Ψ := Φ · Ψ + P^{αβ} Φ←−D_α−→D_βΨ + 1 4 det P Φ←−D^2−→D^2Ψ

= Φ · Ψ − P^{αβ} D_αΦD_βΨ − 1 4 det P D^2ΦD^2Ψ . (2.3)

This ∗ product is naively extended to the product of operators. For arbitrary operators (or superfields) O_1 and O_2,

O_1 ∗ O_2 = O_1 · O_2 + (−)^{pD (pO1+1)}P^{αβ} [D_α, O_1}[D_β , O_2} − − 1 4 det P ϵ^{βα} [D_α, [D_β , O_1}} ϵ^{δγ} [D_γ , [D_δ, O_2}} , (2.4) where [A, B} := AB − (−)^{pApB} BA. We introduce another typical non(anti-)commutative deformation with using not D but Q. The left SUSY generating operator action is identical to the ordinary action

−→QΦ := QΦ . (2.5)

On the other hand, the right action is defined by

Φ←−Q := (−1)^{pQ(pΦ+1)}−→QΦ . (2.6)

With this setting, the non-SUSY ⋆ product is defined by^1

Φ ⋆ Ψ := Φ · Ψ + P^{αβ} Φ←−Q_α−→Q_βΨ + 1 4 det P Φ←−Q^2−→Q^2Ψ

= Φ · Ψ − P^{αβ} Q_αΦQ_βΨ − 1 4 det P Q^2ΦQ^2Ψ . (2.7)

1In this article, the right actions are defined by (2.2) and (2.6), and these definitions are different from [9]. Therefore, the sign in the second equation in (2.7) is not same as the ⋆ product expression in [9]. But this difference is not important and does not affect following discussions.

– 2 –

3. Full SUSY in non(anti-)commutative field theory

In this section, we propose a general procedure to build full SUSY lagrangians in non(anti-)commutative R^4 from 1/2 SUSY lagrangians.

We will begin by considering the SUSY algebra determined by the SUSY ∗ product.

{Q_α, Q_β }_∗ = {Q̄_{α̇}, Q̄_{β̇}}_∗ = 0 (3.1) {Q_α, Q̄_{β̇} }_∗ = 2σ^μ_{αβ̇} P_μ = −2iσ^μ_{αβ̇} ∂_μ (3.2)

[P_μ, Q_α]_∗ = [ P_μ, Q̄_{α̇} ] ∗ = 0 (3.3) [M_{μν} , Q_α]_∗ = −(iσ_{μν} )^β_αQ_β (3.4) [ M_{μν} , Q̄^{α̇} ] ∗ = −(iσ̄_{μν} )^{β̇}_{α̇}Q̄^{β̇} , (3.5)

where {A, B}_∗ := A ∗ B + B ∗ A and [A, B]_∗ := A ∗ B − B ∗ A. The definition of SUSY ∗ product (2.3) uses the covariant derivative D_α, and all generators of supersymmetric Poincare group commute with D_α, therefore the above SUSY algebra is trivial. We call the symmetry generated by the above algebra super-∗ symmetry, i.e. a super-∗ symmetric lagrangian L satisfies that ∫ d^4x Q_α ∗ L = 0 , ∫ d^4x Q̄_{α̇} ∗ L = 0 . (3.6)

Note that the super-∗ symmetry is defined in the non(anti-)commutative superspace.

Let us construct full SUSY Wess-Zumino like models in the non(anti-)commutative Euclidean space that is deformed by the SUSY ∗ product. Let Φ be a chiral super field. Let ∫ d^4θV^0(Φ; ∗)θ̄^2 be a 1/2 SUSY invariant lagrangian, where the V^0(Φ; ∗) is a some polynomial in Φ and its derivative ∂_μΦ , D_αΦ and so on. A general 1/2 SUSY lagrangian is given from the elements of the 1/2 SUSY ring discussed in [55]. In V^0(Φ; ∗), all products are ∗ products, but V^0(Φ; ∗) is possible to be expressed by usual products by using (2.3). Let Ṽ^0(Φ; ·) denote the usual product representation of V^0(Φ; ∗) i.e. V^0(Φ; ∗) = Ṽ^0(Φ; ·). We can regard Ṽ^0(Φ; ·) as the sum of supersymmetric lagrangian Ṽ^0_s (Φ; ·) and 1/2 SUSY lagrangian −Ṽ^0_{1/2}(Φ; ·):

Ṽ^0(Φ; ·) = Ṽ^0_s (Φ; ·) − Ṽ^0_{1/2}(Φ; ·) , (3.7)

where Ṽ^0_s (Φ; ·) and Ṽ^0_{1/2}(Φ; ·) satisfy ∫ d^4xd^4θθ̄^2Q_αṼ^0_s (Φ; ·) = 0 , ∫ d^4xd^4θθ̄^2Q̄_{α̇}Ṽ^0_s (Φ; ·) = 0 (3.8) ∫ d^4xd^4θθ̄^2Q_αṼ^0_{1/2}(Φ; ·) = 0 , ∫ d^4xd^4θθ̄^2Q̄_{α̇}Ṽ^0_{1/2}(Φ; ·) ≠ 0 . (3.9)

Next step, we introduce a new lagrangian ∫ d^4θθ̄^2V^1(Φ; ∗) by ∫ d^4θ{V^1(Φ; ∗)}θ̄^2 := ∫ d^4θ{V^0(Φ; ∗) + V^0_{1/2}(Φ; ∗)}θ̄^2 , (3.10)

– 3 – where V^0_{1/2}(Φ; ∗) is Ṽ^0_{1/2}(Φ; ·) deformed by replacing all usual products with SUSY ∗ products. From (2.3),

V^0_{1/2}(Φ; ∗) = Ṽ^0_{1/2}(Φ; ·) + (higher order of P^{αβ} )

:= Ṽ^0_{1/2}(Φ; ·) + Ṽ^1_{def} (Φ, P^{αβ} ; ·). (3.11)

In general, we can divide Ṽ^1_{def} (Φ, P^{αβ} ; ·) into a full SUSY part Ṽ^1_s (Φ, P^{αβ} ; ·) and a 1/2 SUSY part Ṽ^1_{1/2}(Φ, P^{αβ} ; ·):

Ṽ^1_{def} (Φ, P^{αβ} ; ·) = Ṽ^1_s (Φ, P^{αβ} ; ·) − Ṽ^1_{1/2}(Φ, P^{αβ} ; ·) , (3.12)

where Ṽ^1_s (Φ, P^{αβ} ; ·) and Ṽ^1_{1/2}(Φ, P^{αβ} ; ·) satisfy ∫ d^4xd^4θθ̄^2Q_αṼ^1_s (Φ, P^{αβ} ; ·) = 0 , ∫ d^4xd^4θθ̄^2Q̄_{α̇}Ṽ^1_s (Φ, P^{αβ} ; ·) = 0 (3.13) ∫ d^4xd^4θθ̄^2Q_αṼ^1_{1/2}(Φ, P^{αβ} ; ·) = 0 , ∫ d^4xd^4θθ̄^2Q̄_{α̇}Ṽ^1_{1/2}(Φ, P^{αβ} ; ·) ≠ 0 . (3.14)

From (3.10), (3.11) and (3.12), the lagrangian is ∫ d^4θ{V^1(Φ; ∗)}θ̄^2 = ∫ d^4θθ̄^2{[Ṽ^0_s (Φ; ·) + Ṽ^1_s (Φ, P^{αβ} ; ·)] − Ṽ^1_{1/2}(Φ, P^{αβ} ; ·)} . (3.15)

Note that Ṽ^0_s (Φ; ·) + Ṽ^1_s (Φ, P^{αβ} ; ·) in the right hand side is full supersymmetric. We can duplicate the process from (3.10) to (3.15) to eliminate the 1/2 SUSY terms. The n-th process is as follows. The n-th lagrangian is ∫ d^4θ{V^n(Φ; ∗)}θ̄^2 := ∫ d^4θ{V^{n−1}(Φ; ∗) + V^{n−1}_{1/2} (Φ; ∗)}θ̄^2 , (3.16)

where V^{n−1}_{1/2} (Φ; ∗) is Ṽ^{n−1}_{1/2} (Φ; ·) deformed by replacing usual products by SUSY ∗ products. From (2.3),

V^{n−1}_{1/2} (Φ; ∗) = Ṽ^{n−1}_{1/2} (Φ, P^{αβ} ; ·) + (higher order of P^{αβ} ) := Ṽ^{n−1}_{1/2} (Φ; ·) + Ṽ^n_{def} (Φ, P^{αβ} ; ·) . (3.17)

We divide Ṽ^n_{def} (Φ, P^{αβ} ; ·) into a full SUSY part Ṽ^n_s (Φ, P^{αβ} ; ·) and a 1/2 SUSY part Ṽ^n_{1/2}(Φ, P^{αβ} ; ·). Using this, the n-th lagrangian is given as ∫ d^4θ{V^n(Φ; ∗)}θ̄^2 = ∫ d^4θθ̄^2{[Ṽ^0_s (Φ; ·) + Ṽ^1_s (Φ, P^{αβ} ; ·) + · · · + Ṽ^n_s (Φ, P^{αβ} ; ·)] −

− Ṽ^n_{1/2}(Φ, P^{αβ} ; ·)} . (3.18)

The key point is these processes get over at finite rotation. Because the deformation of (3.16) makes Ṽ^n_{1/2}(Φ, P^{αβ} ; ·) be higher order terms of P^{αβ}. In proportion to the square root of the power of P^{αβ}, the number of D_α in Ṽ^n_{1/2}(Φ, P^{αβ} ; ·) increases. Since D_αD_β D_γ = 0, there is a finite number N such that Ṽ^N_{1/2}(Φ, P^{αβ} ; ·) = 0.

– 4 –

Then we get the full SUSY (super-∗ symmetric) lagrangian ∫ d^4θ{V^N (Φ; ∗)}θ̄^2 = ∫ d^4θθ̄^2{V^0(Φ; ∗) + [V^0_{1/2}(Φ; ∗) + · · · + V^{N−1}_{1/2} (Φ; ∗)]} (3.19) = ∫ d^4θθ̄^2{Ṽ^0_s (Φ; ·) + Ṽ^1_s (Φ, P^{αβ} ; ·) + · · · + Ṽ^N_s (Φ, P^{αβ} ; ·)}.

We will take examples to illustrate the above method to construct full SUSY lagrangians.

The first example is S = ∫ d^4xd^2θd^2θ̄Φ̄ ∗ Φ + ∫ d^4xd^2θ̄ m̄ 2 Φ̄ ∗ Φ̄ + ∫ d^4xd^2θ{ m 2 Φ ∗ Φ + g_{0∗}Φ ∗ Φ ∗ Φ} . (3.20)

The quadratic terms are not deformed by the SUSY ∗ product. Then the only Φ ∗ Φ ∗ Φ should be modified to get the full SUSY action. Let us follow the above instruction in the condition Φ ∗ Φ ∗ Φ = V^0(Φ; ∗). Rewriting this as

Φ ∗ Φ ∗ Φ = Φ^3 − 1 4 det P ΦD^2ΦD^2Φ = Ṽ^0(Φ; ·) , (3.21)

then Ṽ^0_s (Φ, ·) = Φ^3 and Ṽ^0_{1/2}(Φ, ·) =^1_4 det P ΦD^2ΦD^2Φ. Thus,

V^0_{1/2}(Φ, ∗) = 1 4 det P Φ ∗ D^2_∗ ∗ Φ ∗ D^2_∗ ∗ Φ , (3.22)

where D^2_∗ := D^α ∗ D_α. In the following, we often use that D^2_∗ = D^2, D ∗ Φ = DΦ etc. Using (3.22), a new lagrangian is introduced by ∫ d^4θθ̄^2{V^1(Φ; ∗)} = ∫ d^4θθ̄^2{Φ ∗ Φ ∗ Φ + 1 4 det P Φ ∗ D^2Φ ∗ D^2Φ} = ∫ d^4θθ̄^2Φ^3 . (3.23)

This is the super-∗ symmetric (full SUSY) lagrangian. This lagrangian is regarded as a special case of 1/2 SUSY lagrangian ∫ d^4θθ̄^2{g_{0∗}Φ ∗ Φ ∗ Φ + g_{1∗}Φ ∗ D^2Φ ∗ D^2Φ}, where g_{0∗} and g_{1∗} are coupling constants. From this point of view, we can observe that tuning coupling constants, g_{1∗}/g_{0∗} → 1 4 det P ,

realizes full SUSY.

The second example is the case of Φ^4_∗ = V^0(Φ; ∗), where Φ^n_∗ = Φ ∗ · · · ∗ Φ n . From

Φ^4_∗ = Φ^4 − 1 4 det P Φ^2D^2ΦD^2Φ − 1 4 det P D^2ΦD^2Φ^3 + 1 16 (det P )^2(D^2Φ)^4 , (3.24)

Ṽ 0_s and Ṽ 0_{1/2} are given by

Ṽ^0_s (Φ, ·) = Φ^4

Ṽ^0_{1/2}(Φ, ·) = 1 4 det P Φ^2D^2ΦD^2Φ + 1 4 det P D^2ΦD^2Φ^3 − 1 16 (det P )^2(D^2Φ)^4 .

– 5 –

Therefore, the modified lagrangian is given by ∫ d^4θθ̄^2V^1(Φ, ∗) = ∫ d^4θθ̄^2{V^0(Φ, ∗) + V^0_{1/2}(Φ, ∗)} = ∫ d^4θθ̄^2 { Φ^4_∗ + [ 1 4 det P Φ^2_∗D^2ΦD^2Φ + 1 4 det P D^2ΦD^2Φ^3_∗ − − 1 16 (det P )^2(D^2Φ)^4 ]}

= ∫ d^4θθ̄^2 { Φ^4 − 1 8 (det P )^2(D^2Φ)^4 }

= ∫ d^4θθ̄^2Φ^4 . (3.25)

This is what we want. Again, we can regard this lagrangian is given by tuning of coupling constants of the 1/2 SUSY lagrangian.

This method is extended easily to the case of non-SUSY ⋆ deformation. However, the SUSY algebra for non-SUSY ⋆ product has to be modified, because the ⋆ definition (2.7) uses Q_α and it does not commute with Q̄_{α̇}. So we replace Q̄_{α̇} by Q̄_{α̇} defined by^2

Q̄_{α̇} := Q̄_{α̇} + P^{αβ}{Q_α, Q̄_{α̇}}Q_β = Q̄_{α̇} − 2P^{αβ} (iσ^μ_{αα̇}∂_μ)Q_β . (3.26)

From this definition, Q̄_{α̇} satisfies

Q̄_{α̇} ⋆ ϕ = Q̄_{α̇}ϕ , (3.27)

for arbitrary field ϕ = ϕ(x, θ, θ̄). Using Q̄_{α̇}, the super-⋆ symmetry algebra is defined by

{Q_α, Q_β}_⋆ = {Q̄_{α̇}, Q̄_{β̇} }_⋆ = 0 (3.28) {Q_α, Q̄_{β̇} }_⋆ = 2σ^μ_{αβ̇} P_μ = −2iσ^μ_{αβ̇} ∂_μ (3.29)

[P_μ, Q_α]_⋆ = [ P_μ, Q̄_{α̇} ] ⋆ = 0 (3.30) [M_{μν} , Q_α]_⋆ = −(iσ_{μν} )^β_αQ_β (3.31) [ M_{μν} , Q̄^{α̇} ] ⋆ = −(iσ̄_{μν} )^{β̇}_{α̇}Q̄^{β̇} . (3.32)

Here {A, B}_⋆ := A ⋆ B + B ⋆ A and [A, B]_⋆ := A ⋆ B − B ⋆ A. Note that Q̄_{α̇} is not derivative because it includes second derivative and does not satisfy the Leibniz rule. So, we can not make a group from the above super-⋆ symmetry algebra. However, it is possible to make full super-⋆ symmetric field theories, where the super-⋆ symmetry is defined by invariance under

Φ → Φ + ζ^αQ_α ⋆ Φ + ζ̄_{α̇}Q̄^{α̇} ⋆ Φ = Φ + ζ^αQ_αΦ + ζ̄_{α̇}Q̄^{α̇}Φ , Φ̄ → Φ̄ + ζ^αQ_α ⋆ Φ̄ + ζ̄_{α̇}Q̄^{α̇} ⋆ Φ̄ = Φ̄ + ζ^αQ_αΦ̄ + ζ̄_{α̇}Q̄^{α̇}Φ̄ ,

where ζ and ζ̄ are fermionic spinor parameters. This super-⋆ symmetry is defined as a symmetry of non(anti-)commutative field theory. As mentioned above, this transformation does not mean the super Poincare group transformation of the superspace, because Q̄_{α̇} is

2This Q̄α̇ first appeared in [9].

– 6 – not derivative and it does not make a group action, in the sense of non(anti-)commutative theory. Therefore, this symmetry is not a superspace symmetry but a symmetry defined by an infinitesimal field transformation. However, arbitrary super-⋆ symmetric lagrangians satisfy ∫ d^4xQ_α ⋆ L = 0 , ∫ d^4xQ̄_{α̇} ⋆ L = 0 . (3.33)

We can construct super-⋆ symmetric lagrangians by the same way of above super-∗ symmetric lagrangian construction.

There are some comments. The method in this section is formally extended to other 1/2 SUSY theories in non(anti-)commutative superspaces. We expect, for example, 1/2 SUSY gauge theories are deformed to full SUSY theories by this method. However, there may be some problems on eliminating SUSY breaking terms. There are no assurance that this process stop at finite rotation, for some kind of theories like non-abelian gauge theories. Also, it is not clear that the (deformed) gauge invariance is maintained in this procedure. Therefore, more detailed analyses are needed.

The super-∗(⋆) symmetric action in non(anti-)commutative superspace is equivalent to the normal SUSY action given by V^0(Φ; ∗(⋆)) replacing ∗(⋆) with the usual multiplication, in above two examples. It may be that there are equivalent non(anti-)commutative theories to arbitrary SUSY theories in usual space.

Considering Wess-Zumino models, our method produce Φ^n interaction term in commutative theory when we start from V^0(Φ; ∗) = Φ^n_0 . But it remains an unsettled question whether there exists such simple correspondence for any models.

In this article, we treat the ∗ and ⋆ deformed theories. There are many kinds of non(anti-)commutative deformations, and it is known that some deformations do not break any SUSY (see, for example, [42]). In any case, when deformed products are expressed by a polynomial with finite terms, the above method is valid to construct full SUSY non(anti- )commutative lagrangians.

4. 1-loop Calculations

In the previous section, we gave the prescription to obtain full SUSY actions in non(anti-)commutative superspaces. In this section, we will investigate quantum effects [11]–[22], concentrating on the Φ^3_∗ model for simplicity.

From the results of the previous section, we know that

S_· = ∫ d^4xd^2θd^2θ̄Φ̄Φ + ∫ d^4xd^2θd^2θ̄θ^2 m̄ 2 Φ̄^2 + + ∫ d^4xd^2θd^2θ̄θ̄^2 {m 2 Φ^2 + g_0Φ^3 + g_1ΦD^2ΦD^2Φ } , (4.1) and S_∗ = ∫ d^4xd^2θd^2θ̄Φ̄ ∗ Φ + ∫ d^4xd^2θd^2θ̄θ^2 m̄ 2 Φ̄^2_∗ + + ∫ d^4xd^2θd^2θ̄θ̄^2 {m 2 Φ^2_∗ + g_{0∗}Φ^3_∗ + g_{1∗}Φ ∗ D^2_∗ ∗ Φ ∗ D^2_∗ ∗ Φ } , (4.2)

– 7 – are equivalent, if g_0 = g_{0∗} , g_1 = g_{1∗} − 1 4 det P g_{0∗} . (4.3)

We will calculate 1-loop graphs and β-functions based on (4.1),^3 and interpret the results in terms of (4.2).

Before calculating 1-loop corrections, it is convenient to integrate out Φ̄ in (4.1) [12, 61]. S = ∫ d^4xd^2θd^2θ̄θ̄^2 { 1 2 Φ ( m − □ m̄ ) Φ + g_0Φ^3 + g_1ΦD^2ΦD^2Φ } . (4.4)

Also we have to add a term proportional to ΦD^2Φ to renormalize a 1-loop divergent graph (See figure 1) [11, 12]. So we take the following action as the starting point: S = ∫ d^4xd^2θd^2θ̄θ̄^2 { 1 2 Φ_b ( 1 4λ_b D^2 + m_b − □ m̄_b ) Φ_b + g_{0b}Φ^3_b + g_{1b}Φ_bD^2Φ_bD^2Φ_b } , (4.5)

where the subscription b denotes Φ_b etc. are bare quantities. In [16]–[19], the renormalizability of (4.5) was proved.^4

To renormalize 1-loop corrections, we define the following renormalized quantities:

Φ_b = √ Z_Φ(Φ_r + δΦ) , m_b = m_r + δm , m̄_b = Z_{m̄}Z_Φm̄_r , λ_b = Z_λZ_Φλ_r , g_{0b} = Z_0 √ Z_Φ^{−3}g_{0r} , g_{1b} = Z_1 √ Z_Φ^{−3}g_{1r} , (4.6)

where

Z_Φ = 1 + Z^{(1)}_Φ + · · · , δΦ = 0 + δΦ^{(1)} + · · · , δm = 0 + δm^{(1)} + · · · , Z_{m̄} = 1 + Z^{(1)}_{m̄} + · · · , Z_λ = 1 + Z^{(1)}_λ + · · · , Z_0 = 1 + Z^{(1)}_0 + · · · , Z_1 = 1 + Z^{(1)}_1 + · · · . (4.7)

1-loop calculations tell us

δm = 0 , Z^{(1)}_{m̄} = 0 , Z^{(1)}_0 = 0 , Z^{(1)}_1 = 0 , (4.8) and 1 2 Z^{(1)}_Φ m_r + 3g_{0r}δΦ^{(1)} = 0 , (4.9)

so we find Z_λ and δΦ are independent. They are determined by the renormalization for 1-loop divergent graphs, figure 1 and figure 2.

3In [14], β-functions based on slightly different action were calculated at 2-loop level. Also, in [20], β-functions for the non(anti-)commutative gauge theory were calculated at 1-loop level.

4In [16, 17, 18], the proof is based on the global U(1) symmetries and graphical arguments. On the other hand, the proof in [19] is based on observation that one can adjust the dimensions of the fermionic coordinates to make the non(anti-)commutative parameter P^{αβ} dimensionless. Both are safely applied to the case of (4.5), a special case of ḡ0 = ḡ1 = 0.

– 8 –

Figure 1: 1-loop divergent graph contributing to^1_{4λ} ΦD^2Φ.

Figure 2: 1-loop divergent tadpole graph canceled by δΦ.

It is worthwhile to comment on the role of^1_{4λ} ΦD^2Φ in (4.5). Firstly, as we mentioned above, this is necessary to renormalize the 1-loop divergent graph, figure 1. Secondly, this term changes the propagator: m̄ mm̄ + p^2 ⇒ m̄ mm̄ + p^2 +^{m̄}_{4λ} κ^2 , = m̄ mm̄ + p^2 − m̄ mm̄ + p^2 κ^2 4λ m̄ mm̄ + p^2

, (4.10)

where κ is the conjugate momentum of the fermionic coordinate θ. This change yields the divergent tadpole graph, figure 2, at the 1-loop level. This non-vanishing tadpole causes the field shift δΦ, and the wave function renormalization through the relation (4.9). It is shown that the above field shift does not lift the vacuum energy, then it does not break the (1/2) SUSY [11, 12].

We adopt the dimensional regularization, that is, we replace the dimension 4 by n ∈ C , and the minimal subtraction renormalization. So we introduce a scale parameter μ whose mass dimension is 1 and redefine the renormalized quantities by

m_b = μm̃_r , (4.11) m̄_b = Z_Φμ ~m̄_r , (4.12) λ_b = Z_λZ_Φλ_r , (4.13)

g_{0b} = Z^{− 32}_Φ μ^{4−n2} g_{0r} , (4.14)

g_{1b} = Z^{− 32}_Φ μ^{−n2} g̃_{1r} . (4.15)

Here, m̃_r, ~m̄_r, λ_r, g_{0r} and g̃_{1r} are dimensionless.

Let us determine Z_λ. The contribution of Fig.1 is

Γ^{(2)}_{D2} = −

9g_{0r}g̃_{1r} ~m̄^2_r

π^2 κ^2 ( 1 ϵ + · · · ) , (4.16)

– 9 – where ϵ =^{4−n}_2 . The divergent part of (4.16) is canceled by the counter term^{Z(1)λ}_{4λr} Φ_rD^2Φ_r, so

Z^{(1)}_λ = 1 ϵ ( − 36g_{0r}g̃_{1r} ¯m̃^2_rλ_r π^2 ) . (4.17)

Now we turn to δΦ and Z_Φ. The contribution of figure 2 is

Γ^{(1)} =

3g_{0r}μ^2 ~m̄^2_r 16π^2λ_r ( 1 ϵ + · · · ) . (4.18)

The divergent part of (4.18) is canceled by the counter term μm̃_rδΦ^{(1)}. From (4.9), we obtain Z^{(1)}_ϕ = 1 ϵ ( 9g^2_{0r} ~m̄^2_r 8π^2m̃^2_r λ_r ) . (4.19)

Using (4.17) and (4.19), we calculate the β-functions defined by

β_0 = ∂g_{0r} ∂ log μ

, β_{~1} = ∂g̃_{1r} ∂ log μ , β_λ−1 = ∂λ^{−1}_r ∂ log μ , β_{m̃} = ∂m̃_r ∂ log μ

, β_{~m̄} = ∂ ~m̄_r ∂ log μ

. (4.20)

The results are

β_0 = −

27g^3_{0r}λ^{−1}_r ~m̄^2_r 8π^2m̃^2_r

, β_{~1} = 2g̃_{1r} −

27g^2_{0r}g̃_{1r}λ^{−1}_r ~m̄^2_r

8π^2m̃^2 , β_λ−1 = − 9g^2_{0r}λ^{−2}_r ~m̄^2_r 4π^2m̃^2_r + 72g_{0r}g̃_{1r} ~m̄^2_r π^2 , β_{m̃} = −m̃_r , β_{~m̄} = − ~m̄_r −

9g^2_{0r}λ^{−1}_r ~m̄^3_r 4π^2m̃^2_r

. (4.21)

5. Discussions

In this section, we argue the RG behavior of Φ^3_∗ model, particularly, around points realizing full SUSY. Notice that full SUSY is recovered when g_1 = 0 and λ^{−1} = 0. Naively, since g_1 has mass dimension −2, we expect full SUSY is repaired in the IR limit. However, as we will see in the following, the RG behavior of λ^{−1} modifies this speculation.

It makes things clear to classify situations according to the sign of λ^{−1}. From (4.21),

(i) λ^{−1} > 0 (figures 3–5). For g_0, g_0 → 0 in the UV limit. For λ^{−1},

• λ^{−1} → 0 in IR, if {g_0 > 0, g_1 >^{λ−2}_{32m2} g_0} or {g_0 < 0 , g_1 <^{λ−2}_{32m2} g_0}, • λ^{−1} → 0 in UV, if {g_0 > 0 , g_1 <^{λ−2}_{32m2} g_0} or {g_0 < 0 , g_1 >^{λ−2}_{32m2} g_0}.

(ii) λ^{−1} = 0 (figures 6–8). β_0 = 0. For λ^{−1},

• β_λ−1 > 0, if {g_0 > 0 , g_1 > 0} or {g_0 < 0 , g_1 < 0},

– 10 –

Figure 3: β_λ−1 > 0 in the grayed region. The oblique line represents g_1 =^{λ−2}_{32m2} g_0.

Figure 4: β_{~1} > 0 in the grayed region. The oblique line represents g_1 =^{λ−2}_{32m2} g_0.

Figure 5: β_0 > 0 in the grayed region. The oblique line represents g_1 =^{λ−2}_{32m2} g_0.

Figure 6: β_λ−1 > 0 in the grayed region. Figure 7: β_{~1} > 0 in the grayed region.

• β_λ−1 < 0, if {g_0 > 0 , g_1 < 0} or {g_0 < 0 , g_1 > 0}, • β_λ−1 = 0, if {g_0 = 0} or {g_1 = 0}.

(iii) λ^{−1} < 0 (figures 9–11). For g_0, g_0 → 0 in the IR limit. For λ^{−1}, • λ^{−1} → 0 in UV, if {g_0 > 0 , g_1 >^{λ−2}_{32m2} g_0} or {g_0 < 0 , g_1 <^{λ−2}_{32m2} g_0}, • λ^{−1} → 0 in IR, if {g_0 > 0 , g_1 <^{λ−2}_{32m2} g_0} or {g_0 < 0 , g_1 >^{λ−2}_{32m2} g_0}.

– 11 –

Figure 8: β_0 = 0 in the whole (perturbative) region.

Figure 9: β_λ−1 > 0 in the grayed region. The oblique line represents g_1 =^{λ−2}_{32m2} g_0.

Figure 10: β_{~1} > 0 in the grayed region. The oblique line represents g_1 =^{λ−2}_{32m2} g_0.

Figure 11: β_0 > 0 in the grayed region. The oblique line represents g_1 =^{λ−2}_{32m2} g_0.

From the above results, full SUSY is realized in the IR limit if the RG flow starts from { λ^{−1} > 0 , g_0 > 0 , g_1 > λ^{−2} 32m^2 g_0 } , (5.1) or { λ^{−1} > 0 , g_0 < 0 , g_1 < λ^{−2} 32m^2 g_0 } , (5.2)

– 12 –

Figure 12: β_λ−1 > 0 in the grayed region. The dash oblique line represents g_{1∗} = 1 4 det P g_{0∗} and the solid oblique one does g_{1∗} = (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}.

Figure 13: β_{~1} > 0 in the grayed region. The dash oblique line represents g_{1∗} = 1 4 det P g_{0∗} and the solid oblique one does g_{1∗} = (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}.

Figure 14: β_0 > 0 in the grayed region. The dash oblique line represents g_{1∗} =^1_4 det P g_{0∗} and the solid oblique one does g_{1∗} = (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}.

or { λ^{−1} < 0 , g_0 > 0 , g_1 < λ^{−2} 32m^2 g_0 } , (5.3) or { λ^{−1} < 0 , g_0 < 0 , g_1 > λ^{−2} 32m^2 g_0 } . (5.4)

By using the relations (4.3) and λ_∗ = λ, the above argument can be rewritten in terms of the non(anti-)commutative field theory and the super-∗ symmetry.

(i) λ^{−1}_∗ > 0 (figures 12–14). For g_{0∗}, g_{0∗} → 0 in the UV limit. For λ^{−1}_∗ ,

• λ^{−1}_∗ → 0 in IR,if {g_{0∗} > 0 , g_{1∗} > (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}} or {g_{0∗} < 0 , g_{1∗} < (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}}, • λ^{−1}_∗ → 0 in UV, if {g_{0∗} > 0, g_{1∗} < (^1_4 det P +^{λ−2}_{32m2} )g_{0∗}} or {g_{0∗} < 0 , g_{1∗} > (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}}.

(ii) λ^{−1} = 0 (figures 15–17). β_0 = 0. For λ^{−1},

• β_λ−1 > 0, if {g_{0∗} > 0 , g_{1∗} >^1_4 det P g_{0∗}} or {g_{0∗} < 0 , g_{1∗} <^1_4 det P g_{0∗}}, • β_λ−1 < 0, if {g_{0∗} > 0, g_{1∗} <^1_4 det P g_{0∗}} or {g_{0∗} < 0 , g_{1∗} >^1_4 det P g_{0∗}},

– 13 –

Figure 15: β_λ−1 > 0 in the grayed region. The dash oblique line represents g_{1∗} = 1 4 det P g_{0∗}.

Figure 16: β_{~1} > 0 in the grayed region. The dash oblique line represents g_{1∗} = 1 4 det P g_{0∗}.

Figure 17: β_0 = 0 in the whole (perturbative) region. The dash oblique line represents g_{1∗} = 1 4 det P g_{0∗}.

• β_λ−1 = 0, if g_{0∗} = 0 or g_{1∗} =^1_4 det P g_{0∗}.

(iii) λ^{−1}_∗ < 0 (figures 18–20). For g_{0∗}, g_{0∗} → 0 in the IR limit. For λ^{−1}_∗ ,

• λ^{−1}_∗ → 0 in UV, if {g_{0∗} > 0, g_{1∗} > (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}} or {g_{0∗} < 0, g_{1∗} < (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}}, • λ^{−1}_∗ → 0 in IR, if {g_{0∗} > 0, g_{1∗} < (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}} or {g_{0∗} < 0 , g_{1∗} > (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}}.

From the above results, the super-∗ symmetry is realized in the IR limit if the RG flow starts from { λ^{−1}_∗ > 0 , g_{0∗} > 0 , g_{1∗} > ( 1 4 det P + λ^{−2}_∗ 32m^2 ) g_{0∗} } , (5.5)

or { λ^{−1}_∗ > 0 , g_{0∗} < 0 , g_{1∗} < ( 1 4 det P + λ^{−2}_∗ 32m^2 ) g_{0∗} } , (5.6)

or { λ^{−1}_∗ < 0 , g_{0∗} > 0 , g_{1∗} < ( 1 4 det P + λ^{−2}_∗ 32m^2 ) g_{0∗} } , (5.7)

or { λ^{−1}_∗ < 0 , g_{0∗} < 0 , g_{1∗} > ( 1 4 det P + λ^{−2}_∗ 32m^2 ) g_{0∗} } . (5.8)

– 14 –

Figure 18: β_λ−1 > 0 in the grayed region. The dash oblique line represents g_{1∗} = 1 4 det P g_{0∗} and the solid oblique one does g_{1∗} = (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}.

Figure 19: β_{~1} > 0 in the grayed region. The dash oblique line represents g_{1∗} = 1 4 det P g_{0∗} and the solid oblique one does g_{1∗} = (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}.

Figure 20: β_0 > 0 in the grayed region. The dash oblique line represents g_{1∗} =^1_4 det P g_{0∗} and the solid oblique one does g_{1∗} = (^1_4 det P +^{λ−2∗}_{32m2} )g_{0∗}.

6. Conclusions

In this article we gave the general prescription to construct full SUSY lagrangians in non(anti-)commutative superspaces, which is relevant for both the SUSY ∗-deformed superspace and the non-SUSY ⋆-deformed superspace.

We investigated quantum effects at the 1-loop level for the deformed Φ^3_∗ Wess-Zumino model with the ΦD^2Φ proportional term. We found that this term yields a divergent tadpole graph and the renormalization of this causes the wave function renormalization. The wave function renormalization gave the non-trivial β- functions.

From the obtained β-functions, we found the conditions on the parameters (g_0, g_1, λ^{−1}) to recover full SUSY in the IR limit. We also rewrote the conditions into ones on (g_{o∗}, g_{1∗}, λ^{−1}_∗ ), the parameters of the non(anti-)commutative field theories.

References

[1] S. Ferrara and M.A. Lledo, Some aspects of deformations of supersymmetric field theories, J.

High Energy Phys. 05 (2000) 008 [hep-th/0002084].

– 15 –

[2] D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. and Quant.

Grav. 20 (2003) 2905 [hep-th/0104190].

[3] R. Abbaspur, Noncommutative supersymmetry in two dimensions, Int. J. Mod. Phys. A 18 (2003) 855 [hep-th/0110005].

[4] R. Abbaspur, Generalized noncommutative supersymmetry from a new gauge symmetry,

hep-th/0206170.

[5] J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B 574 (2003) 98 [hep-th/0302078].

[6] H. Ooguri and C. Vafa, The C-deformation of gluino and non-planar diagrams, Adv. Theor.

Math. Phys. 7 (2003) 53 [hep-th/0302109].

[7] H. Ooguri and C. Vafa, Gravity induced C-deformation, Adv. Theor. Math. Phys. 7 (2004) 405 [hep-th/0303063].

[8] H. Kawai, T. Kuroki and T. Morita, Dijkgraaf-Vafa theory as large-N reduction, Nucl. Phys.

B 664 (2003) 185 [hep-th/0303210].

[9] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, J. High Energy Phys. 06 (2003) 010 [hep-th/0305248].

[10] S. Ferrara, M.A. Lledo and O. Macia, Supersymmetry in noncommutative superspaces, J.

High Energy Phys. 09 (2003) 068 [hep-th/0307039].

[11] R. Britto, B. Feng and S.J. Rey, Deformed superspace, N = 1/2 supersymmetry and (non)renormalization theorems, J. High Energy Phys. 07 (2003) 067 [hep-th/0306215].

[12] S. Terashima and J.-T. Yee, Comments on noncommutative superspace, J. High Energy Phys.

12 (2003) 053 [hep-th/0306237].

[13] R. Britto, B. Feng and S.-J. Rey, Non(anti)commutative superspace, UV/IR mixing and open Wilson lines, J. High Energy Phys. 08 (2003) 001 [hep-th/0307091].

[14] M.T. Grisaru, S. Penati and A. Romagnoni, Two-loop renormalization for nonanticommutative N = 1/2 supersymmetric WZ model, J. High Energy Phys. 08 (2003) 003 [hep-th/0307099].

[15] F. Ardalan and N. Sadooghi, Planar and nonplanar konishi anomalies and exact wilsonian effective superpotential for noncommutative N = 1 supersymmetric U(1), hep-th/0307155.

[16] R. Britto and B. Feng, N = 1/2 Wess-Zumino model is renormalizable, Phys. Rev. Lett. 91 (2003) 201601 [hep-th/0307165].

[17] A. Romagnoni, Renormalizability of N = 1/2 Wess-Zumino model in superspace, J. High Energy Phys. 10 (2003) 016 [hep-th/0307209].

[18] O. Lunin and S.J. Rey, Renormalizability of non(anti)commutative gauge theories with N = 1/2 supersymmetry, J. High Energy Phys. 09 (2003) 045 [hep-th/0307275].

[19] D. Berenstein and S.J. Rey, Wilsonian proof for renormalizability of N = 1/2 supersymmetric field theories, Phys. Rev. D 68 (2003) 121701 [hep-th/0308049].

[20] M. Alishahiha, A. Ghodsi and N. Sadooghi, One-loop perturbative corrections to non(anti)commutativity parameter of N = 1/2 supersymmetric U(N) gauge theory, Nucl. Phys. B 691 (2004) 111 [hep-th/0309037].

– 16 –

[21] M.T. Grisaru, S. Penati and A. Romagnoni, Nonanticommutative superspace and N = 1/2 wz model, Class. and Quant. Grav. 21 (2004) S1391 [hep-th/0401174].

[22] A.T. Banin, I.L. Buchbinder and N.G. Pletnev, Chiral effective potential in N = 1/2 non-commutative Wess-Zumino model, J. High Energy Phys. 07 (2004) 011 [hep-th/0405063].

[23] T. Araki, K. Ito and A. Ohtsuka, Supersymmetric gauge theories on noncommutative superspace, Phys. Lett. B 573 (2003) 209 [hep-th/0307076].

[24] E. Ivanov, O. Lechtenfeld and B. Zupnik, Nilpotent deformations of N = 2 superspace, J.

High Energy Phys. 02 (2004) 012 [hep-th/0308012].

[25] S. Ferrara and E. Sokatchev, Non-anticommutative N = 2 super- Yang-Mills theory with singlet deformation, Phys. Lett. B 579 (2004) 226 [hep-th/0308021].

[26] T. Araki, K. Ito and A. Ohtsuka, N = 2 supersymmetric U(1) gauge theory in noncommutative harmonic superspace, J. High Energy Phys. 01 (2004) 046 [hep-th/0401012].

[27] E. Ivanov, O. Lechtenfeld and B. Zupnik, Non-anticommutative n = (1, 1) euclidean superspace, hep-th/0402062.

[28] T. Araki and K. Ito, Singlet deformation and non(anti)commutative N = 2 supersymmetric U(1) gauge theory, Phys. Lett. B 595 (2004) 513 [hep-th/0404250].

[29] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Non-anticommutative chiral singlet deformation of n = (1, 1) gauge theory, hep-th/0405049.

[30] E.A. Ivanov and B.M. Zupnik, Non-anticommutative deformations of n = (1, 1) supersymmetric theories, hep-th/0405185.

[31] S.V. Ketov and S. Sasaki, Non-anticommutative N = 2 supersymmetric SU(2) gauge theory, Phys. Lett. B 597 (2004) 105 [hep-th/0405278].

[32] S.V. Ketov and S. Sasaki, SU(2) × U(1) non-anticommutative N = 2 supersymmetric gauge theory, hep-th/0407211.

[33] E. Ivanov, O. Lechtenfeld and B. Zupnik, Non-anticommutative deformation of n = (1, 1) hypermultiplets, hep-th/0408146.

[34] R. Abbaspur, Scalar solitons in non(anti-)commutative superspace, hep-th/0308050.

[35] A. Imaanpur, On instantons and zero modes of N = 1/2 SYM theory, J. High Energy Phys.

09 (2003) 077 [hep-th/0308171].

[36] A. Imaanpur, Comments on gluino condensates in N = 1/2 SYM theory, J. High Energy Phys. 12 (2003) 009 [hep-th/0311137].

[37] P.A. Grassi, R. Ricci and D. Robles-Llana, Instanton calculations for N = 1/2 super Yang-Mills theory, J. High Energy Phys. 07 (2004) 065 [hep-th/0311155].

[38] R. Britto, B. Feng, O. Lunin and S.J. Rey, U(N) instantons on N = 1/2 superspace: exact solution and geometry of moduli space, Phys. Rev. D 69 (2004) 126004 [hep-th/0311275].

[39] M. Billo, M. Frau, I. Pesando and A. Lerda, N = 1/2 gauge theory and its instanton moduli space from open strings in RR background, J. High Energy Phys. 05 (2004) 023 [hep-th/0402160].

– 17 –

[40] S.V. Ketov and S. Sasaki, BPS-type equations in the non-anticommutative N = 2 supersymmetric U(1) gauge theory, Phys. Lett. B 595 (2004) 530 [hep-th/0404119].

[41] M. Hatsuda, S. Iso and H. Umetsu, Noncommutative superspace, supermatrix and lowest Landau level, Nucl. Phys. B 671 (2003) 217 [hep-th/0306251].

[42] J.H. Park, Superfield theories and dual supermatrix models, J. High Energy Phys. 09 (2003) 046 [hep-th/0307060].

[43] S. Iso and H. Umetsu, Gauge theory on noncommutative supersphere from supermatrix model, Phys. Rev. D 69 (2004) 105003 [hep-th/0311005].

[44] S. Iso and H. Umetsu, Note on gauge theory on fuzzy supersphere, Phys. Rev. D 69 (2004) 105014 [hep-th/0312307].

[45] Y. Shibusa and T. Tada, Note on a fermionic solution of the matrix model and noncommutative superspace, Phys. Lett. B 579 (2004) 211 [hep-th/0307236].

[46] T. Morita, Non-planar diagrams and non-commutative superspace in Dijkgraaf-Vafa theory,

hep-th/0403259.

[47] Y. Shibusa, Path integral formulation of noncommutative superspace in IKKT matrix model,

hep-th/0404206.

[48] C. Saemann and M. Wolf, Constraint and super Yang-Mills equations on the deformed superspace R^{(4|16)}_H , J. High Energy Phys. 03 (2004) 048 [hep-th/0401147].

[49] D. Mikulovic, Seiberg-Witten map for superfields on n = (1/2, 0) and n = (1/2, 1/2) deformed superspace, J. High Energy Phys. 05 (2004) 077 [hep-th/0403290].

[50] B. Safarzadeh, On the Seiberg-Witten map of N = 2 SYM theory in non(anti-)commutative harmonic superspace, Phys. Lett. B 601 (2004) 81 [hep-th/0406204].

[51] B. Chandrasekhar and A. Kumar, D = 2, N = 2, supersymmetric theories on non(anti-)commutative superspace, J. High Energy Phys. 03 (2004) 013 [hep-th/0310137].

[52] B. Chandrasekhar, D = 2, N = 2 supersymmetric sigma models on non(anti-)commutative superspace, hep-th/0408184.

[53] I. Chepelev and C. Ciocarlie, A path integral approach to noncommutative superspace, J. High Energy Phys. 06 (2003) 031 [hep-th/0304118].

[54] M. Chaichian and A. Kobakhidze, Deformed N = 1 supersymmetry, hep-th/0307243.

[55] A. Sako and T. Suzuki, Ring structure of SUSY ∗ product and 1/2 SUSY Wess-Zumino model, Phys. Lett. B 582 (2004) 127 [hep-th/0309076].

[56] N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry, J. High Energy Phys. 07 (2003) 010 [hep-th/0306226].

[57] I. Bars, C. Deliduman, A. Pasqua and B. Zumino, Superstar in noncommutative superspace via covariant quantization of the superparticle, Phys. Rev. D 68 (2003) 106006 [hep-th/0308107].

[58] P.A. Grassi and P. van Nieuwenhuizen, Harmonic superspaces from superstrings, Phys. Lett.

B 593 (2004) 271 [hep-th/0402189].

[59] A. Imaanpur and S. Parvizi, N = 1/2 super Yang-Mills theory on euclidean AdS_2 × S^2, J.

High Energy Phys. 07 (2004) 010 [hep-th/0403174].

– 18 –

[60] P.A. Grassi and L. Tamassia, Vertex operators for closed superstrings, J. High Energy Phys.

07 (2004) 071 [hep-th/0405072].

[61] R. Dijkgraaf, M.T. Grisaru, C.S. Lam, C. Vafa and D. Zanon, Perturbative computation of glueball superpotentials, Phys. Lett. B 573 (2003) 138 [hep-th/0211017].

[62] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton Univ. Press., 1992.

– 19 –